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Abstract
We propose a new lattice superfield formalism in momentum representation which ac-
commodates species doublers of the lattice fermions and their bosonic counterparts as super
multiplets. We explicitly show that one dimensional N = 2 model with interactions has
exact Lie algebraic supersymmetry on the lattice for all super charges.
In coordinate representation the finite difference operator is made to satisfy Leibnitz rule
by introducing a non local product, the “star” product, and the exact lattice supersymmetry
is realized. The standard momentum conservation is replaced on the lattice by the conser-
vation of the sine of the momentum, which plays a crucial role in the formulation. Half
lattice spacing structure is essential for the one dimensional model and the lattice supersym-
metry transformation can be identified as a half lattice spacing translation combined with
alternating sign structure. Invariance under finite translations and locality in the continuum
limit are explicitly investigated and shown to be recovered. Supersymmetric Ward identities
are shown to be satisfied at one loop level. Lie algebraic lattice supersymmetry algebra of
this model suggests a close connection with Hopf algebraic exactness of the link approach
formulation of lattice supersymmetry.
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1 Introduction
If we regularize massless fermions naively on a lattice, it is unavoidable that species doublers
appear. Since massless particles cannot be put in the rest frame by means of a Lorentz transfor-
mation, helicity or chirality cannot be changed with a momentum change, while species doublers
in different momentum region may have different helicity. Therefore species doublers have to be
considered as different particles [1]. However, species doublers of chiral fermions on a lattice are
usually considered as unwanted particles, the so called doubling problem, although the enlarged
degree of freedom (d.o.f.) is customarily identified as a flavor (taste) d.o.f..
The equivalence of the above naive fermion formulation and the staggered fermion formu-
lation can be shown by a spin diagonalization procedure [2] and the staggered fermion can be
transformed into the Kogut-Susskind type fermion formulation [3] by considering double size
lattice structure, where the flavor d.o.f. was identified [4]. This double size structure makes
it possible to have a correspondence with differential forms and then the equivalence of the
staggered fermion and Dirac-Ka¨hler fermion on the lattice can be proved by introducing a
noncommutativity between differential forms and fields [5]. Therefore all these lattice fermion
formulations are exactly equivalent.
In the link approach of lattice supersymmetry [6], the super charges are expanded on the basis
of Dirac matrices by the Dirac-Ka¨hler twisting procedure [7]. The corresponding d.o.f. of the
super charges are then exactly the same as those of fermionic species doublers and the geometric
correspondence between the particles as species doublers and super multiplets is expected from
the equivalence of the naive fermion and Dirac-Ka¨hler fermion formulations on the lattice. In
other words the species doublers are necessary fields to construct the super multiplets of extended
supersymmetry: N = 2 in two dimensions and N=4 in four dimensions. The flavor (taste)
d.o.f. of chiral fermions are thus expected to be identified as extended supersymmetry d.o.f..
In this paper we explicitly show how the species doublers for both fermions and bosons can be
identified as super multiplets of extended supersymmetry for the simplest model of N = 2 in one
dimension. We propose to introduce lattice counter parts of bosonic and fermionic “superfields”
where species doublers are accommodated.
The one dimensional N = 2 model was proposed as a supersymmetric quantum mechanics
by Witten [8] and the lattice version has been investigated by several authors [9, 10] as the
simplest model to clarify the fundamental problems of lattice supersymmetry. It was shown
that a species doubler of the Wilson fermion term, having a mass proportional to the inverse
lattice constant, breaks supersymmetry and a bosonic counter term is needed to remove the
unwanted contribution [10]. Numerical evaluation of boson and fermion masses show that they
approach the same value in the continuum limit, suggesting the recovery of supersymmetry, only
when the counter term is introduced [9, 11]. In this model the species doubler interferes with
supersymmetry and its influence has to be removed by the bosonic counter term. It has also
been recognized that only one exact supersymmetry of the type Q2 = 0, which can be identified
as the scalar part of a twisted supersymmetry for this supersymmetric quantum mechanics, is
realized when interaction terms are included [11]. This system also provides a nice arena for a
numerical method for detecting spontaneous supersymmetry breaking [12].
One dimensional N = 2 lattice supersymmetric model of this paper is constructed in parallel
to the continuum superspace formulation [13, 14, 15] and is slightly different from the super-
symmetric quantum mechanics model. The lattice model we propose in this paper is exactly
supersymmetric for two supersymmetry charges even with interaction terms and the counter
term is not necessary to fulfill Ward-Takahshi identity since the bosonic and fermionic species
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doublers are identified as physical particles in supermultiplets. In the momentum representation
this model has, however, a lattice counter part of trigonometric momentum conservation, which
was first proposed by Dondi and Nicolai [16] in the very first paper of lattice supersymmetry.
In the coordinate space we introduce a new star product which makes the lattice difference
operator satisfy Leibniz rule and then the exact lattice supersymmetry is realized. The model
has mildly nonlocal interactions which approach local interactions in the continuum limit.
There is a long history of attempts to realize exact sypersymmetry on a lattice. See [11, 17]
for some references. However exact lattice supersymmetry with interactions for full extended
supersymmetry has never been realized except for the nilpotent super charge. This difficulty
is essentially related to the lattice chiral fermion problem and to the breakdown of the Leibniz
rule for the lattice difference operator. Instead of formulating an exact supersymmetry for local
interactions in the coordinate space, there has been several attempts that approach the problem
from momentum representation point of view [18, 19, 20]. This may be related to the following
claim: if one tries to include the difference operator in a supersymmetry algebra, one cannot
avoid introducing nonlocal interactions [21]. The momentum representation can take care the
nonlocal nature of the formulation. In this paper we first establish a formulation of exact lattice
supersymmetry in the momentum representation. Then we reformulate the momentum space
version into the coordinate space by introducing a new non local “star” product.
In the link approach for lattice supersymmetry [6] the claim that exact lattice supersymmetry
had been realized for all super charges was questioned by several authors [14, 22]. In fact
it was stressed that all the extended supersymmetry are broken when the shift parameter of
the scalar super charge is non zero a 6= 0 [23] while it exactly coincides with the orbifold
construction of lattice supersymmetry when a = 0 [24, 25, 26]. It was however shown later
on that lattice supersymmetry can be formulated consistently within the framework of a Hopf
algebra, accounting for the breaking of the Leibniz rule for the difference operator, and of the
mild noncommutativity between fields carrying a shift. Thus exact lattice supersymmetry holds
within the Hopf algebraic symmetry [27].
One of the important aims of the present paper is to clarify the fundamental nature of
the link approach within a simple one-dimensional model. Since we find a new exact lattice
supersymmetry formulation, it would be interesting to compare the algebraic structure of the
link approach with this new formulation. We point out the interesting possibility, supported by
several arguments, that the star product formulation of current model and the link approach
formulation are equivalent.
This paper is organized as follows: We explain the basic ideas of the formulation in section 2.
We then briefly explain the continuum version of the model which we investigate in this paper
in section 3. Then it will be explained in section 4 how the species doublers can be naturally
accommodated into supersymmetry transformations together with trigonometric momentum
conservation. In section 5 an exact supersymmetry invariant action with interaction terms in
momentum representation on the infinite lattice will be proposed. In section 6 the recovery
of the translational invariance of this model in the continuum limit is investigated. It will be
confirmed that supersymmetric Ward-Takahashi identities are satisfied. In section 7 we propose
a new star product which makes lattice difference operator satisfy Leibniz rule and exact lattice
supersymmetry be realized in the coordinate space. A close connection with the link approach
will be discussed. We then summarize the result of this paper and discuss remaining problems in
the final section. In the appendix 1-loop radiative corrections of propagators in Ward-Takahashi
identity are summarized.
3
2 Basic ideas
One of the most distinctive features of the so called link approach to lattice supersymmetry is
the introduction in place of the usual hyper cubic lattice of extended lattices that account for
the underlying supersymmetry algebra. The idea is the following: on the lattice infinitesimal
translations are replaced by finite displacements, or shifts, represented typically for an hyper
cubic lattice by orthogonal vectors ~nµ of length equal to the lattice spacing a. The vectors
~nµ generate the whole lattice and each point of the lattice can be reached from a given point
by means of a finite number of such displacements. It follows that a translationally invariant
field configuration, or vacuum, is a constant field configuration on the lattice. In the link
approach a shift ~aA is associated also to each supersymmetry charge QA, in the same way as
~nµ is associated to the generator Pµ of translations . The shifts ~aA are not arbitrary, but they
are constrained by the supersymmetry algebra: consistency with the algebra requires that the
constraint ~aA+~aB = ±~nµ must be satisfied for each non-vanishing anticommutator {QA, QB} =
Pµ of the superalgebra. Only a limited number of supersymmetry algebras, in particular the
N = 2 SUSY algebra in 2 dimensions and the N = 4 SUSY algebra in 4 dimensions, are
compatible with these constraints. The extended lattices introduced in the link approach are
generated by the displacements ~aA and ~nµ and hence contain, with respect to the standard
hyper cubic lattices, new links of the type (~x, ~x + ~aA) which we will call “fermionic” and new
points. The key remark now is that not all points of the extended lattices can be reached from
a given one simply by translations. An extended lattice will consist in general of more copies
of the hyper cubic lattice connected by “fermionic” links, and translations will only make us
move within each copy. So for a field configuration to be invariant under translations it is not
necessary to be constant over the whole extended lattice but only separately over each copy of the
hyper cubic lattice. In other words the number of field configurations which are invariant under
translations in an extended lattice is equal to the number of hyper cubic sublattices contained in
it. Consider as an example the N = 2 superalgebra in 2 dimensions. This superalgebra contains
four supersymmetry charges QA besides the generators of translations in two dimensions. In its
discrete lattice version, described in detail in ref [28], four shifts ~aA are associated to the four
supesymmetry charges, constrained by the non-vanishing anticommutators of the superalgebra,
as discussed above. The constraints do not determine ~aA completely: one of them is arbitrary.
However if we further require the resulting extended lattice to be invariant under pi2 rotations,
then the solution is unique and given by
~aA = (±a
2
,±a
2
), (2.1)
where a denotes the lattice spacing. The vectors (2.1), together with the shifts associated to
translations, namely ~n1 = (a, 0) and ~n2 = (0, a), generate the extended lattice of the N = 2,
D = 2 SUSY algebra. This is shown in fig. (1). The points ~x of the lattice have coordinates:
~x = (
na
2
,
ma
2
), (2.2)
where n+m is even ( n and m both even or both odd).
The extended lattice is then made by two copies of the cubic lattice, in fact by the original
lattice ( n andm even) and its dual (n andm odd) connected by the “fermionic” links (~x, ~x+~aA).
It is clear that there are two independent field configurations on the extended lattice that are
invariant under translation, namely:
Φ1(~x) = c1 , Φ2(~x) = (−1)nc2, (2.3)
4
aFigure 1: Φ1(~x) takes the same value c1 in both • and × points, while Φ2(~x) takes the value +c2
in the • points and −c2 in the × points. Adjoining • and × points are joined by the fermionic
links which are not shown in the figure.
with c1 and c2 constant.
It is interesting to note that this phase remind us of the phase of staggered fermion [2] This
is relevant because we expect the degrees of freedom of the theory in the continuum limit to
be associated to small fluctuations around translationally invariant vacua, so that fluctuations
around the two configurations of eq. (2.3) will correspond to two distinct degrees of freedom
in the continuum limit. Hence one degree of freedom on the extended lattice will absorb two
degrees of freedom of the continuum theory. This fact, namely that the extended lattice implies
a correspondingly reduced number of independent fields, was not fully appreciated in the original
formulation of the link approach and is one of the key points of the present paper. It is clear
that since the different copies of the hyper cubic lattice in an extended lattice are generated
by the extra links associated to supersymmetry charges it is natural to expect the different
continuum degrees of freedom associated to a single lattice degree of freedom to be part of a
supersymmetric multiplet. It is instructive to look at the previous example from the point of
view of the momentum space representation, which will play a crucial role in what follows. The
first Brillouin zone associated to the lattice (2.2) is the square defined by −2pia ≤ p1 + p2 ≤ 2pia
and −2pia ≤ p1 − p2 ≤ 2pia . That means that in the momentum space fields will be periodic with
period 4pia in the variables p1+ p2 and p1− p2. The translationally invariant field configurations
(2.7) correspond respectively to the center of the square, namely ~p = 0, and to the four vertices
(which are all equivalent due to the periodicity), namely ~p = (±2pia , 0) or ~p = (0,±2pia ). The
latter is exaclty the species doubler. A solution of the fermion doubling problem becomes now
possible. Fermion doubling originates from the fact that the fermionic kinetic term has a simple
zero at ~p = 0 and hence has to vanish somewhere else in the Brillouin zone due to the lattice
periodicity. Within the extended lattice scheme if the second zero occurs in correspondence of
5
the other translationally invariant vacuum the would be doubler can be interpreted as a physical
field, in fact as a supersymmetric partner of the original one at ~p = 0.
We have used the example of the extended lattice of the N = 2, D = 2 supersymmetry to
illustrate the ideas that we are going to develop in this paper. However the explicit example
that we are going to study is a simpler one, N = 2 supersymmetric model in one dimension
(D = 1). Before going into that we are going to consider an even simpler example, that has
been considered in the present context in ref. [29]. This is a one dimensional model with an
N = 1 supersymmetry. It is described in terms of a superfield:
Φ(x, θ) = ϕ(x) + iθψ(x), (2.4)
with a supersymmetry charge given by:
Q =
∂
∂θ
+ iθ
∂
∂x
, (2.5)
and
Q2 = i
∂
∂x
. (2.6)
On the lattice derivatives are replaced by finite shifts of length a, hence consistency with the
algebra (2.6) requires that the supercharge Q is associated to a shift a2 . The extended lattice is
then a one dimensional lattice with spacing a2 , which can be thought of as the superposition of two
lattices with spacing a each invariant under translations and separated by a an a2 shift associated
to the SUSY charge. Again there are two field configurations invariant under translations,
namely:
Φ1(x) = c1 , Φ2(x) = (−1)
2x
a c2 (2.7)
with x = na2 . According to the previous discussion fluctuations around Φ1(x) and Φ2(x) will
describe in the continuum limit two distinct degrees of freedom. However we have just two
degrees of freedom in this model, one bosonic and one fermionic, so the natural thing is to
associate the bosonic degree of freedom to fluctuations around Φ1(x) and the fermionic one to
fluctuations around Φ2(x).
To understand the origin of the hyper lattice structure of half lattice step and the alternating
sign states, let us look at the algebraic relation of the superfield and the supercharge from a
matrix point of view [15]. We now introduce the following matrix form of the super coordinate
and its derivative as:
θ =
(
0 1
0 0
)
,
∂
∂θ
=
(
0 0
1 0
)
, (2.8)
which satisfy the following anticommutation relation:
{ ∂
∂θ
, θ} = 1. (2.9)
We may consider this matrix structure as an internal structure of the space time coordinate.
With respect to this internal structure the boson ϕ is considered as a field which commutes with
θ and ∂∂θ and the fermion ψ as a field which anticommutes with them. The component fields of
boson and fermion with respect to this internal structure has then the following form:
ϕ(x) =
(
ϕ(x) 0
0 ϕ(x)
)
, (2.10)
6
ψ(x) =
(
ψ(x) 0
0 −ψ(x)
)
. (2.11)
In the matrix formulation of fields the coordinate dependence can be introduced by diagonal
entries of a big matrix as direct product to the internal matrix structure [15]. From the degrees
of freedom point of view for N=1 model in one dimension two fields of boson and fermion on the
same lattice site have this internal matrix structure (2.10) and (2.11). If we consider the N = 2
model in one dimension, which we will consider later in this paper, there are four independent
fields on one site we may then consider that the four fields of internal matrix structure may be
identified with the four independent d.o.f. of fields.
We now ask a question: “How do we interpret this internal space time structure on the
lattice ?” A natural identification is an introduction of a half lattice step structure to make a
correspondence with two translational invariant states in (2.7). We can then identify a constant
field of ϕ(x) in (2.10) as Φ1(x) in (2.7) and a constant field of ψ(x) in (2.11) as Φ2(x) in (2.7).
One can then write a lattice “superfield” corresponding to (2.4) as
Φ(x) = ϕ(x) +
1
2
(−1) 2xa ψ(x), (2.12)
where we have introduced a factor 12 for later convenience and taken away the factor i since
the second term is not a product of two Grassmann numbers to keep hermiticity. Since θ
and ∂∂θ are not Hermitian by them self in this matrix representation we have to take care the
hermiticity separately. It is crucial to recognize at this stage that the super coordinate structure
and fermionic nature of ψ can be accommodated by the alternating sign factor of half lattice
spacing if this simple lattice representation works as a superfield. We now introduce a matrix
form of a fermionic super parameter by
α =
(
α 0
0 −α
)
, (2.13)
where α is a Grassmann odd parameter. This parameter can then be expressed as α(−1) 2xa in
accordance with the representation of the lattice superfield in (2.12).
We now propose lattice supersymmetry transformations as a finite difference over a half
lattice spacing a2 :
δΦ(x) = a−
1
2α(−1) 2xa
(
Φ(x+
a
2
)− Φ(x)
)
. (2.14)
In terms of the component fields the supersymmetry transformations (2.14) are:
δϕ(x) = −α2
[
ψ(x+ a2 ) + ψ(x)
]
−−−→
a→0
−αψ(x) , (2.15)
δψ(x) = 2a−1α
[
ϕ(x+ a2 )− ϕ(x)
]
−−−→
a→0
α∂ϕ(x)∂x . (2.16)
It is surprising that the half lattice translation together with alternating sign structure (staggered
phase) for the lattice superfields generates a correct lattice supersymmetry transformation. We
consider that this observation is a key of our formulation.
Although supersymmetry transformations (2.15) and (2.16) have the correct structure, they
violate hermiticity: a factor i is missing at the l.h.s. of (2.15). In order to restore the hermiticity
of the supersymmetry transformations symmetric finite differences must be used, introducing a
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shift of a4 of the fermionic fields sites with respect to the bosonic ones. Hence, instead of writing
the superfield on the lattice as in (2.12) we shall introduce Φ(x), with x = na4 , defined by:
Φ(x) =
{
ϕ(x) for x = na/2,
1
2a
1/2e
2ipix
a ψ(x) for x = (2n + 1)a/4.
(2.17)
Again the supersymmetry transformations can be written in terms of Φ(x):
δΦ(x) = αa−1/2e
2ipix
a [Φ(x+ a/4)− Φ(x− a/4)] . (2.18)
By separating Φ(x) into its component fields according to (2.17) we find:
δϕ(x) =
iα
2
[
ψ(x+
a
4
) + ψ(x− a
4
)
]
−−−→
a→0
iαψ(x) , (2.19)
δψ(x) = 2a−1α
[
ϕ(x+
a
4
)− ϕ(x− a
4
)
]
−−−→
a→0
α
∂ϕ(x)
∂x
, (2.20)
where x is an even multiple of a/4 in (2.19) and an odd one in (2.20). As in the continuum case
the commutator of two SUSY transformation is a translation, namely, on the lattice, a finite
difference of spacing a. For instance we have for ϕ(x) (the same applies to ψ(x)):
δβδαϕ(x) − δαδβϕ(x) = 2iαβ
a
[ϕ(x+ a/2)− ϕ(x− a/2)] . (2.21)
It is instructive to look at the supersymmetry transformations given above from the point of
view of of the momentum space representation. Let us consider first the Fourier transform of
the component fields ψ(x) and ϕ(x), and denote them by ψ˜(p) and ϕ˜(p) respectively. The lattice
spacing being a/2, the Brillouin zone extends over a 4pia interval with the two vacua Φ1(x) and
Φ2(x) corresponding respectively to p = 0 and p =
2pi
a . The periodicity conditions are:
ϕ˜(p+
4π
a
) = ϕ˜(p), ψ˜(p+
4π
a
) = −ψ˜(p), (2.22)
where the minus sign in the case of ψ˜ is due to the a/4 shift in coordinate space of the fermionic
field. The supersymmetry transformations (2.19) and (2.20) are then given by:
δϕ˜(p) = i cos
ap
4
αψ˜(p), (2.23)
δψ˜(p) = −i4
a
sin
ap
4
αϕ˜(p). (2.24)
Eqs. (2.23) and (2.24) are consistent with both the periodicity conditions (2.22) and with the
reality conditions expressed in momentum space by: ϕ˜(p)† = ϕ˜(−p) and ψ˜(p)† = ψ˜(−p). A more
extensive analysis of the D = 1, N = 1 model, including the lattice action, can be found in [29].
The point we want to emphasize here is the following: in order to derive the supersymmetry
transformations (2.19) and (2.20), or equivalently their momentum space representation (2.23)
and (2.24), we started from a bosonic field ϕ(x) and a fermionic one ψ(x) interpreted respectively
as fluctuations around Φ1(x) (i.e. p = 0) and Φ2(x) (i.e p =
2pi
a ). Either these two fields represent
on the lattice a single degree of freedom whose statistic changes from bosonic to fermionic as the
momentum moves from zero to 2pia ( and we don’t know how to implement that consistently) or
each field has a doubler with the same statistic in correspondence of the other vacuum. In this
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case the system will contain two bosonic and two fermionic degrees of freedom in the continuum,
for which there is no room in the D = 1, N = 1 supersymmetry. Furthermore the action of
this model is fermionic and thus the vacuum is not well defined. We will show in the following
section that it actually provides a consistent formulation of the D = 1, N = 2 supersymmetry ,
whose algebra contains a bosonic field ϕ and a bosonic auxiliary field D, described by the lattice
bosonic field at p = 0 and p = 2pia respectively and, in the fermionic sector, two fields ψ1 and ψ2
described on the lattice by the fluctuations of a single field around the two vacua. We will show
in the following sections that the N = 2 supersymmetry can be explicitly formulated on the
lattice (one of the transformations is essentially already given in (2.23) and (2.24) ), an invariant
action can be constructed (including the mass and interaction term) and the continuum limit
taken keeping exact supersymmetry at all stages. The doubling problem does not arise since
the would be doublers are physical degrees of freedom in the same supermultiplet as the original
field.
3 The model
We briefly summarize the continuum version of one dimensional N = 2 supersymmetric model
with two supersymmetry charges Q1 and Q2 [13], whose matrix version on the lattice was
discussed in [15]. Its supersymmetry algebra is given by:
Q21 = Q
2
2 = Pt, {Q1, Q2} = 0, (3.1)
[Pt, Q1] =[Pt, Q2] = 0, (3.2)
where Pt is the generator of translations in the one-dimensional space-time coordinate t
1:
Pt = −i ∂
∂t
. (3.3)
A superspace representation of the algebra may be given in terms of two Grassmann odd, real
coordinates θ1 and θ2, namely:
Q1 =
∂
∂θ1
− iθ1 ∂
∂t
, Q2 =
∂
∂θ2
− iθ2 ∂
∂t
. (3.4)
The field content of the theory is described by a hermitian superfield Φ(t, θ1, θ2):
Φ(t, θ1, θ2) = ϕ(t) + iθ1ψ1(t) + iθ2ψ2(t) + iθ2θ1D(t), (3.5)
where ψ1 and ψ2 are Majorana fermions. The supersymmetry transformations of the superfield
Φ are given by:
δjΦ = [ηjQj,Φ] j = 1, 2, (3.6)
where ηi are the Grassmann odd parameters of the transformation. In terms of the component
fields eq. (3.6) reads:
δjϕ = iηjψj , (3.7)
δjψk = δj,kηj∂tϕ+ ǫjkηjD, (3.8)
δjD = iǫjkηj∂tψk. (3.9)
1Unlike reference [15] we use here a Lorentzian metric. The euclidean formulation of [15] can be obtained
with a Wick rotation t→ −ix.
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It is important to note that since the supersymmetry transformations are defined in (3.6) as
commutators, supersymmetry transformations of superfields products obey Leibniz rule:
δi(Φ1Φ2) = (δiΦ1)Φ2 +Φ1(δiΦ2). (3.10)
In order to write a supersymmetric action we need to introduce the super derivatives, defined
as
Dj =
∂
∂θj
+ iθj
∂
∂t
, (3.11)
which anticommute with the supersymmetry charges Qj and satisfy the algebra:
D2j = i
∂
∂t
, {D1,D2} = 0. (3.12)
The supersymmetric action can then be defined in terms of the superfield Φ as:∫
dtdθ1dθ2
[
1
2
D2ΦD1Φ+ iV (Φ)
]
, (3.13)
where V (Φ) is a superpotential which may includes any powers of superfields together with
coupling constants. By integrating over θ1 and θ2 in (3.13) one can obtain the action written in
terms of the component fields. If we take the super potential in the following form:
V (Φ) =
1
2
mΦ2 +
1
4
gΦ4, (3.14)
we obtain the following action:
S =
∫
dt{1
2
[−(∂tϕ)2 −D2 + iψ1∂tψ1 + iψ2∂tψ2]
−m(iψ1ψ2 +Dϕ)− g(3iϕ2ψ1ψ2 +Dϕ3)}. (3.15)
As we can see, the general interaction terms in Φn are of the forms of ϕn−2ψ1ψ2 and Dϕ
n−1.
It is convenient for later use to write the SUSY transformations in the Lorentzian metric
and in the momentum representation. They are given by:
δ1ϕ(p) = iη1ψ1(p), δ2ϕ(p) = iη2ψ2(p),
δ1ψ1(p) = −iη1pϕ(p), δ2ψ1(p) = −η2D(p),
δ1ψ2(p) = η1D(p), δ2ψ2(p) = −iη2pϕ(p),
δ1D(p) = η1pψ2(p), δ2D(p) = −η2pψ1(p). (3.16)
Notice that δ2 is obtained from δ1 with the discrete symmetry: ψ1 → ψ2 an ψ2 → −ψ1. Finally
we write the action in the momentum representation:
S =
∫
dp
{1
2
[−p2ϕ(−p)ϕ(p) −D(−p)D(p) + iψ1(−p)pψ1(p) + iψ2(−p)pψ2(p)]
−m(iψ1(−)ψ2(p) +D(−p)ϕ(p))
}
−g
∫
dp1dp2dp3dp4(3iϕ(p1)ϕ(p2)ψ1(p3)ψ2(p4) +D(p1)ϕ(p2)ϕ(p3)ϕ(p4))δ(p1 + p2 + p3 + p4).
(3.17)
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Φ Φ Φ Φ Φ ΦΨ Ψ Ψ Ψ Ψ
a
a/2 aa/40 3a/4 ......
Figure 2: One dimensional lattice with the bosonic field Φ located on the points multiple of a2 ,
and the fermionic field Ψ on points shifted by a4 .
4 Supersymmetry transformations on the lattice
According to the discussion of section 2 the formulation of the D = 1, N = 2 supersymmetric
model on a lattice with spacing a2 should involve on the lattice two fields, one bosonic and
one fermionic. In fact the lattice consists of two sub lattices with lattice spacing a invariant
under translations and hence each degree of freedom on the lattice corresponds to two degrees
of freedom in the continuum limit. Let us denote the bosonic “superfield” by Φ(x) with x = na2 ,
and the fermionic “superfield” by Ψ(x) with x = na2 +
a
4 . The shift of
a
4 in the fermionic superfield
with respect to the bosonic one has been introduced to have symmetric finite differences in the
supersymmetry transformations and implement hermiticity in a natural way as discussed in
section 2. A picture of the lattice is given in fig. 2.
Let us proceed now to define the supersymmetry transformations on the lattice. There
are two supercharges in the N = 2 model, whose algebra was given in (3.1). One of the
supersymmetry transformation, which we shall denote by δ1, was already formulated on the
lattice in the context of the N = 1 model and can be written as:
δ1Φ(x) =
iα
2
[
Ψ(x+
a
4
) + Ψ(x− a
4
)
]
x =
na
2
, (4.1)
δ1Ψ(x) = 2α
[
Φ(x+
a
4
)− Φ(x− a
4
)
]
x =
na
2
+
a
4
. (4.2)
We assume here that Φ(x) and Ψ(x) are dimensionless, so that no dependence on the lattice
spacing a appears at the r.h.s. of (4.1) and (4.2). Of course a rescaling of the fields with powers
of a will be needed to make contact with the fields of the continuum theory. Let us introduce
now the superfields in the momentum space defined as the Fourier transform of Φ(x) and Ψ(x)2:
Φ(p) =
1
2
∑
x=na
2
eipxΦ(x), Ψ(p) =
1
2
∑
x=na
2
+ a
4
eipxΨ(x). (4.3)
The corresponding inverse transformations are:
Φ(x) = a
∫ 4pi
a
0
dp
2π
Φ(p)e−ipx, Ψ(x) = a
∫ 4pi
a
0
dp
2π
Ψ(p)e−ipx. (4.4)
From(4.3) it is clear that Φ(p) and Ψ(p) satisfy the following periodicity conditions:
Φ(p+
4π
a
) = Φ(p), Ψ(p+
4π
a
) = −Ψ(p). (4.5)
2For simplicity we shall denote fields in momentum and coordinate representation with the same symbols. Ar-
guments x,y, z will always refer to coordinate representations, arguments p, q, r to the momentum representation.
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In momentum representation the supersymmetry transformations (4.1) and (4.2) read:
δ1Φ(p) = i cos
ap
4
αΨ(p) , (4.6)
δ1Ψ(p) = −4i sin ap
4
αΦ(p) . (4.7)
The commutator of two supersymmetry transformations δ1 with parameters α and β defines an
infinitesimal translation on the lattice. From (4.6) and (4.7) one finds:
δ1βδ1αF (p)− δ1αδ1βF (p) = 4 sin ap
2
αβF (p), (4.8)
where F (p) stands for either Φ(p) or Ψ(p). In coordinate space this is completely equivalent to
(2.21), so that an infinitesimal translation of parameter λ on the lattice is defined by;
F (x)→ F (x) + λF (x+
a
2 )− F (x− a2 )
a
, (4.9)
which clearly reduces to F (x)→ F (x+ λ) in the continuum limit. Translations defined in (4.9)
are however conceptually different from the discrete translations on the lattice that would be
defined as:
F (x)→ F (x+ a) = F (x) + aF (x+ a)− F (x)
a
. (4.10)
The difference between the two definitions is even more apparent in the momentum represen-
tation, where (4.10) is simply F (p) → eiapF (p) and applied to a product of fields leads to the
standard form of momentum conservation. Invariance under (4.9) instead leads to a non local
conservation law where p is replaced by sin ap2 , namely , for a product of fields of momenta
p1,p2,...,pn:
sin
ap1
2
+ sin
ap2
2
+ · · · + sin apn
2
= 0. (4.11)
This conservation law on the lattice was first pointed out by Dondi and Nicolai [16]. The
implications of this conservation law, in particular with respect to the validity of the Leibniz
rule and the relation of the present approach to the link approach will be discussed in section
7. In the continuum limit (api ≪ 1) (4.11) reduces to the standard momentum conservation
law and locality is restored. The conservation law (4.11) is not affected if any momentum pi in
it is replaced by 2pia − pi due to the invariance of the sine. In view of last section’s discussion
the interpretation is clear: in the continuum limit ( ap ≪ 1) F (p) and F (2pia − p) represent
fluctuations of momentum p respectively around the vacuum of momentum zero and 2pia on the
lattice. So the symmetry p→ 2pia − p amounts to exchanging the two vacua keeping the physical
momentum unchanged and will play an important role in supersymmetry transformations.
We now want to match the superfields Φ(p) and Ψ(p) appearing in the supersymmetry
transformations (4.6) and (4.7) with the component fields of the N = 2 D = 1 supersymmetry
described in the previous section. Working in the momentum representation we shall associate
ϕ and D with the fluctuations of Φ respectively around 0 and 2pia and similarly ψ1 and ψ2 with
the fluctuations of Ψ. More specifically we assume the following correspondence:
Φ(p) = a−
3
2ϕ(p), (4.12)
Ψ(p) = a−1ψ1(p), (4.13)
Ψ(
2π
a
− p) = ia−1ψ2(p), (4.14)
Φ(
2π
a
− p) = −a
− 1
2
4
D(p), (4.15)
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where p is restricted in (4.12-4.15) to the interval (−pia , pia ), which is also the range of definition of
the component fields (although with a possible discontinuity at p = ±pia ) which corresponds to a
lattice of spacing a. A rescaling of the fields with powers of a has been also introduced in (4.12-
4.15) to account for the dimensionality of the component fields in momentum representation
(remember that Φ and Ψ were defined to be dimensionless). A similar rescaling will be assumed
for the supersymmetry parameter α:
α = a
1
2 η. (4.16)
By inserting (4.12-4.15) and (4.16) into the supersymmetry transformations (4.6) and (4.7) we
obtain for the component fields the following transformations:
δ1ϕ(p) = i cos
ap
4
ηψ1(p) −→
ap≪1
iηψ1(p), (4.17)
δ1ψ1(p) = −i4
a
sin
ap
4
ηϕ(p) −→
ap≪1
−ipηϕ(p), (4.18)
δ1ψ2(p) = cos
ap
4
ηD(p) −→
ap≪1
ηD(p), , (4.19)
δ1D(p) =
4
a
sin
ap
4
ηψ2(p) −→
ap≪1
pηψ2(p). (4.20)
In the continuum limit ap ≪ 1 the above supersymmetry transformations on the lattice repro-
duce exactly the ones in the continuum (3.16) given in Section 3. As already mentioned after eq.
(4.15), the momentum p appearing as the argument of the component fields in (4.12-4.15) and
in (4.17-4.20) is restricted to the interval (−pia , pia ). So we could introduce a lattice of spacing a
and coordinates x˜ = na and define the component fields ϕ(x˜), etc. on such lattice by taking the
Fourier transform on the 2pia interval of ϕ(p), etc. and finally write the supersymmetry trans-
formations (4.17-4.20) of the component fields in the x˜ coordinate representation. However the
trigonometric functions at the r.h.s. of (4.17-4.20) are not periodic of period 2pia , and as a result
the supersymmetry transformation are non-local in the x˜ coordinate representation, implying
that the natural representation for the supersymmetry is on the lattice with a2 spacing.
We have now to identify the second supersymmetry transformation δ2. In the continuum δ2
is obtained from δ1 by replacing everywhere ψ1(p) with ψ2(p), and ψ2(p) with −ψ1(p). It is easy
to see from (4.12-4.15) that this corresponds on the lattice to the replacement:
Ψ(p) −→ −iΨ(2π
a
− p). (4.21)
By performing this replacement on the supersymmetry transformations (4.6) and (4.7) one
obtains the expression for δ2:
δ2Φ(p) = cos
ap
4
αΨ(
2π
a
− p) , (4.22)
δ2Ψ(
2π
a
− p) = 4 sin ap
4
αΦ(p) . (4.23)
The supersymmetry transformation δ2, defined by (4.22) and (4.23), satisfies together with δ1
an N = 2 supersymmetry algebra. It is easy to check in fact that the commutator of two δ2
transformations gives an infinitesimal translation ( namely eq. (4.8) holds also for δ2) and that
the commutator of a δ1 and δ2 transformation vanishes, namely:
δ1βδ2αF (p)− δ2αδ1βF (p) = 0. (4.24)
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In terms of the component fields, and in the continuum limit, the explicit expression for the δ2
transformation can be obtained from (4.22) and (4.23) by using eq.s (4.12-4.15):
δ2ϕ(p) = i cos
ap
4
ηψ2(p) −→
ap≪1
iηψ2(p), (4.25)
δ2ψ2(p) = −i4
a
sin
ap
4
ηϕ(p) −→
ap≪1
−ipηϕ(p), (4.26)
δ2ψ1(p) = − cos ap
4
ηD(p) −→
ap≪1
−ηD(p), (4.27)
δ2D(p) = −4
a
sin
ap
4
ηψ1(p) −→
ap≪1
−pηψ1(p). (4.28)
As for δ1 in the limit ap ≪ 1 the above transformation coincides, in the momentum space
representation, with the one generated by Q2 in the continuum theory.
The coordinate representation of δ2 can be obtained directly from (4.25-4.28) by Fourier
transform, or from (4.1-4.2) by performing the following substitution:
Ψ(x) −→ (−1)nΨ(−x) x = na
2
− a
4
, (4.29)
which is the same as (4.21) in the coordinate representation. Either way the result is:
δ2Φ(x) =
iα
2
(−1)n
[
Ψ(−x+ a
4
)−Ψ(−x− a
4
)
]
x =
na
2
, (4.30)
δ2Ψ(x) = 2α(−1)n
[
Φ(−x+ a
4
)− Φ(−x− a
4
)
]
x =
na
2
+
a
4
. (4.31)
It is clear from (4.30) and (4.31) that the supersymmetry transformation δ2 is local in the
coordinate representation only modulo the reflection x→ −x. This was already implicit in the
correspondence (4.12-4.15) between the lattice fields and the ones of the continuum theory. In
fact it is clear from (4.12-4.15) that while for instance ϕ(x) is associated to the fluctuations of
Φ(x) around the constant configuration (p = 0), the fluctuations of Φ(x) around the constant
configuration with alternating sign (p = 2pia ) correspond in the continuum to D(−x). For
fermions this parity change leads to a physical meaning. Since ψ2(p) ↔ ψ2(x) is defined as a
species doubler of ψ1(p) ↔ ψ1(x), the chirality of ψ2 is the opposite of ψ1. However by the
change of p→ 2pia − p equivalently x→ −x, chirality of ψ1 and ψ2 are adjusted to be the same.
Thus this bi local nature in the coordinate space may be transfered to a local interpretation.
5 Supersymmetric invariant action
In order to construct a lattice action invariant under the two supersymmetry transformations δ1
and δ2 defined in the previous section we consider first the invariance under translations, which
follows from supersymmetry, and it is expressed by the sine conservation law given in (4.11).
Any vertex of a supersymmetric invariant theory will have to include a delta function enforc-
ing the conservation law (4.11). Unlike the standard momentum conservation this conservation
law does not lead to a local action in coordinate space, and in fact it makes it impossible to write
the action in coordinate space without using transcendental function (more specifically Bessel
functions). For this reason we shall first formulate the action in the momentum representation.
We provide a full treatment of coordinate prescription later in section 7. There is however an
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important exception to this, namely the case n = 2, that is the kinetic term and the mass term.
In fact for n = 2 the conservation law (4.11) has two solutions:
p1 + p2 = 0 (mod
4π
a
) (5.1)
and
p1 − p2 = 2π
a
(mod
4π
a
) (5.2)
and the delta function of momentum conservation does not need in this case to include any sine
function. The two point term in the action with the momentum conservation (5.1) describes,
as we shall see, the kinetic term and is local when expressed in the coordinate representation.
The mass term will be expressed instead by a term with the conservation law (5.2), involving
in coordinate space a coupling between fields in x and −x, in agreement with the discussion at
the end of the previous section. Let us introduce now a supersymmetric action on the lattice.
All terms of this action have the same structure, which for an n-point term is the following:
S(n) = g
(n)
0 a
n 4
n!
∫ 3pi
a
−pi
a
dp1
2π
· · · dpn
2π
2πδ
(
n∑
i=1
sin
api
2
)
×G(p1, p2, · · · , pn)
[
2 sin2
ap1
4
Φ(p1)Φ(p2) · · ·Φ(pn)+ (5.3)
+
n− 1
4
sin
a(p1 − p2)
4
Ψ(p1)Ψ(p2)Φ(p3) · · ·Φ(pn)
]
.
A direct check shows that S(n) is invariant under the supersymmetry transformation δ1 defined
in (4.1,4.2) as well as under the replacement (4.21), which in turn implies the invariance under δ2
provided the otherwise arbitrary function G satisfies the following properties: i) it is symmetric
under permutations of the momenta pi, ii) it is periodic with period
4pi
a in all the momenta and
iii) it is invariant when an even number of pi is replaced by
2pi
a − pi. An example of function
satisfying the above requirements is:
C(p) =
n∏
i=1
cos
api
2
. (5.4)
For all interaction terms (n > 2) we will take G(p) = C(p). In fact, thanks to the cosine factors
the function C(p) vanishes if any of the momenta pi is equal to ±pia , so a factor C(p) is needed
to cancel the singularities arising at pi = ±pia from the integration volume as a consequence
of the delta function. Later in section seven we find out another natural reason why this
factor (5.4) comes out. All terms in (5.3) are periodic with period 4pia in the momenta, and
the momentum integration is over a whole period: the specific choice here (from −pia to
3pi
a )
is for future convenience. The integrand can be made explicitly symmetric with respect to
permutations of the momenta, so the factor 2 sin2 ap14 in front of the bosonic part can be replaced
by
2 sin2
ap1
4
→ 1− 1
n
n∑
1
cos
api
2
. (5.5)
It should be noticed also that, although we kept the dependence on the lattice spacing a explicit,
this could be completely absorbed in the definition of the momenta, by introducing a-dimensional
momenta p˜i = api.
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5.1 Kinetic term and Mass term
The case n = 2 is special because only in that case the sine conservation law splits into the two
separate conservation laws (5.1) and (5.2) which are linear in the momenta. The delta function
in (5.3) can then be replaced by the sum, with arbitrary coefficients, of the delta functions
enforcing (5.1) and (5.2). This amounts ( for n = 2 only) to perform in (5.3) the following
replacement:
a
2
g
(2)
0 G(p1, p2)δ(sin
ap1
2
+ sin
ap2
2
) −→ δ(p1 + p2) +m0δ(p1 − p2 − 2π
a
), (5.6)
where m0 is a free parameter. The delta functions at the r.h.s. of (5.6) do not give rise to
any singularity at pi = ±pia so no factor C(p) is required in this case3 We are going to show
here that the first delta in (5.6) generates the supersymmetric kinetic term, the second delta
the supersymmetric mass term. By inserting the r.h.s. of (5.6) into (5.3) and performing one
momentum integration we obtain:
S(2) = Skin + Smass, (5.7)
with
Skin = 4a
∫ 3pi
a
−pi
a
dp
2π
[
2 sin2
ap
4
Φ(−p)Φ(p)− 1
4
sin
ap
2
Ψ(−p)Ψ(p)
]
, (5.8)
and
Smass = 4am0
∫ 3pi
a
−pi
a
dp
2π
[
Φ(p+
2π
a
)Φ(p) +
1
4
Ψ(p+
2π
a
)Ψ(p)
]
. (5.9)
One could regard the kinetic term (5.8) as the kinetic term of a lattice theory with lattice spacing
a′ = a2 and just one bosonic and one fermionic degree of freedom. The invariance under the
δ1 supersymmetry transformations (4.6,4.7) would be described as an N = 1 supersymmetry.
However, as shown by (5.8), the fermion would have a doubler at p = pia′ , as expected. Our
interpretation is different. Since supersymmetry transformations (4.2) are related to shifts of a2 ,
we consider a as the fundamental lattice spacing and the a2 spacing as the signal that we are
describing with the same lattice field two distinct degrees of freedom in the continuum: hence
the fermion and its doubler are interpreted as partners in an N = 2 supersymmetry generated
by δ1 and δ2, the latter given by (4.22,4.23). In order to separate the degrees of freedom let us
split the integration region in (5.8) and (5.9) into (−pia , pia ) and (pia , 3pia ). In the first interval we
use the correspondence (4.12,4.13), in the second the correspondence (4.14,4.15) and find:
Skin =
∫ pi
a
−pi
a
dp
2π
[ 4
a2
(1− cos ap
2
)ϕ(−p)ϕ(p) + 1
4
(1 + cos
ap
2
)D(−p)D(p)−
−1
a
sin
ap
2
ψ1(−p)ψ1(p)− 1
a
sin
ap
2
ψ2(−p)ψ2(p)
]
. (5.10)
Similarly for the mass term we get:
Smass = 2m
∫ pi
a
−pi
a
dp
2π
[−ϕ(−p)D(p)− iψ1(−p)ψ2(p)] , (5.11)
3Of course it would be possible to treat the n = 2 case in the same way as the interaction terms, keeping the
sine delta function with the factor C(p) in front. However this would fix the relative coefficient of the mass term
and of the kinetic term. The smoothness of the continuum limit would then be spoiled since, as we shall see, m0
need to scale with a for such limit to be smooth.
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where m is now the physical mass: m = m0a . Thanks to the rescaling all fields in (5.10) and
(5.11) have the correct canonical dimension, and the continuum limit is smooth. The component
fields ϕ(p),D(p),ψ1(p) and ψ2(p) are defined for p in the interval (−pia , pia ). This is the Brillouin
zone corresponding to a lattice of spacing a, so we could define a lattice with coordinates x˜ = na
and the component fields on it as the Fourier transforms of the momentum space components.
For instance we could define:
ϕ(x˜) =
∫ pi
a
−pi
a
dp
2π
ϕ(p)e−ipx˜. (5.12)
However the action written in the coordinate x˜ space is non-local, since the finite difference
operators appearing in (5.10) are periodic with period 4pia and not
2pi
a that would be needed for
a local expression on a lattice with spacing a.
Instead it is possible, using (4.3), to write (5.8) in the coordinate space x with lattice spacing
a
2 :
Skin =
∑
x=n a
2
[
Φ(x)
(
2Φ(x)−Φ(x+ a
2
)− Φ(x− a
2
)
)
+
i
2
Ψ(x+
a
4
)Ψ(x− a
4
)
]
. (5.13)
In the bosonic part of the action the equivalent of a second finite difference appears. In fact if
we define the finite difference on the lattice of spacing a2 as
∂±F (x) = F (x± a
2
)− F (x), (5.14)
the kinetic term can be rewritten as:
Skin =
∑
x=n a
2
[
Φ(x) ∂−∂+Φ(x) +
i
2
Ψ(x+
a
4
) ∂−Ψ(x+
a
4
)
]
. (5.15)
The coordinate representation for the mass term (5.9) reveals some new features, namely a
coupling between fields in x and −x. In fact, by using again (4.3), one finds:
Smass =
m0
2
∑
x=n a
2
(−1) 2xa
[
Φ(−x)Φ(x) + i
4
Ψ(−x− a
4
)Ψ(x+
a
4
)
]
. (5.16)
The bi local structure of (5.16) shows that the extended lattice with spacing a2 has not a straight-
forward relation to the coordinate space in the continuum limit. This is related to the fact that
while the fluctuations of Φ(x) (resp. Ψ(x)) around a constant field configuration are associated
to the component field ϕ(x) (resp. ψ1(x)), its fluctuations around (−1) 2xa are associated to
D(−x) (resp. ψ2(−x)). In other words the way the two bosonic (resp. fermionic) components
of the superfield are embedded in a single bosonic (resp. fermionic) field on the extended lattice
is non trivial and exhibits a bi local structure. Although the extended lattice is not a discrete
representation of superspace (bosonic and fermionic fields have to be introduced separately on
it) it carries some information about the superspace structure and as such it does not simply
map onto the coordinate space in the continuum limit.
From (5.10) and (5.11)one can then easily derive the free propagators. For this purpose it is
convenient to introduce the following notations:
pˆ =
2
a
sin
ap
2
, (5.17)
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and
c(pˆ) =
√
1− a
2pˆ2
4
. (5.18)
Moreover, for each component field f(p) we define
f ′(pˆ) = f(p(pˆ)). (5.19)
With these notations the two point bosonic correlation function can be written as:
〈ϕ′(pˆ)ϕ′(−pˆ)〉 = c(pˆ)
pˆ2 − 4m2
1
2
(1 + c(pˆ)) , (5.20)
〈D′(pˆ)D′(−pˆ)〉 = c(pˆ)
pˆ2 − 4m2
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a2
(1− c(pˆ)) , (5.21)
〈ϕ′(pˆ)D′(−pˆ)〉 = c(pˆ)
pˆ2 − 4m2 2m, (5.22)
whereas for the fermionic ones we have:
〈ψ′1(pˆ)ψ′1(−pˆ)〉 = 〈ψ′2(pˆ)ψ′2(−pˆ)〉 = −
c(pˆ)
pˆ2 − 4m2apˆ, (5.23)
〈ψ′1(pˆ)ψ′2(−pˆ)〉 = −〈ψ′2(pˆ)ψ′1(−pˆ)〉 =
c(pˆ)
pˆ2 − 4m2 2im. (5.24)
5.2 Interaction terms
The interaction terms are obtained from the general invariant expression (5.3) with n > 2. We
shall choose the arbitrary function G to be equal to the function C(p) defined in (5.4). This
is needed to cancel the divergences occurring in the integration volume at pi = ±pia due to the
delta function. With this choice the n-point interaction term reads:
S(n) = g
(n)
0 a
n 4
n!
∫ 3pi
a
−pi
a
dp1
2π
· · · dpn
2π
2πδ
(
n∑
i=1
sin
api
2
)
×
(
n∏
i=1
cos
api
2
)[
2 sin2
ap1
4
Φ(p1)Φ(p2) · · ·Φ(pn)+ (5.25)
+
n− 1
4
sin
a(p1 − p2)
4
Ψ(p1)Ψ(p2)Φ(p3) · · ·Φ(pn)
]
.
Unlike the case of S(2) for n ≥ 3 the delta function of momentum conservation is not linear in pi,
hence the coordinate representation for S(n) cannot be given in terms of elementary functions
and it is non-local.
When expressed in terms of the component fields (5.25) contains many terms, as each field
in (5.25) can correspond to different components of the superfield depending on the value of
its momentum. These terms however have different powers of the lattice spacing a according
to the rescaling properties given in (4.12–4.15). We have therefore to select the terms that are
leading in the continuum limit. In the bosonic sector D scales with an extra power of a with
respect to ϕ, so that the leading term seems to be obtained by replacing Φ(pi) with a
− 3
2ϕ(pi)
and restricting pi between −pia and pia . This term, however, is not the leading term, because
of a factor with the momentum labelled p1 in the bosonic part of the action. The sin
2 factor
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multiplying Φ(p1) is of order a
2 at p1 ≃ 0 and of order 1 at p1 ≃ 2pia , so that the latter vacuum
becomes dominant and Φ(p1) should be identified with D. That is, the leading term in the
bosonic sector is Dϕn−1. In the fermionic part of the action Ψ(p) scales in the same way at
p = 0 and p = 2pia , but p1 − p2 has to be 2pia and not zero to avoid an extra factor a coming
from the sin factor. So Ψ(p1) and Ψ(p2) must correspond one to ψ1 and one to ψ2. By carefully
counting the powers of a, one finds that in order to have a finite and non vanishing continuum
limit for the leading term of (5.25) the physical coupling constant g(n) must be defined as:
g(n) = a−
n
2 gn0 (5.26)
With this normalization the leading term in the interaction term becomes:
S(n) =
g(n)
n!
∫ pi
a
−pi
a
dp1
2π
· · · dpn
2π
2πδ
(
2
a
n∑
i=1
sin
api
2
)
×
(
n∏
i=1
cos
api
2
)[
− cos2 ap1
4
D(p1)ϕ(p2) · · ·ϕ(pn)+ (5.27)
+ (n− 1) cos a(p1 + p2)
4
ψ2(p1)ψ1(p2)ϕ(p3) · · ·ϕ(pn)
]
+O(a),
where the terms of order a or higher are included in O(a). The leading term corresponds to the
usual Φn interaction:
S
(n)
i =
∫
dxd2θΦn. (5.28)
The O(a) terms are of two types: some contain higher powers of D(p), namely terms that do
not appear in the continuum in any superfield action for dimensional reasons, but are needed on
the lattice for exact supersymmetry. Then there are terms where all momenta are fluctuating
around the p = 0 vacuum and have the same structure as the kinetic term. They correspond in
the continuum to derivative interactions given in terms of the superfield Φ by
S
(n)
k =
∫
dxd2θ Φn−2D1Φ D2Φ. (5.29)
These derivative interaction terms are sub leading (of order a) with the choice of the function
G(p) given above, namely G(p) = C(p). However with a different choice of G(p) they can be
the leading terms in the continuum limit. For instance, if we choose G(p) = 1aC(p)(1 + C(p)),
kinetic-like terms in (5.3) with 0, or 2 momenta around the vacuum at 2pia would be of order
1 in the continuum limit4 which would contain derivative interactions of the form (5.29). It is
rather surprising that the same action on the lattice, namely the one given in (5.3), can give
origin to terms which are entirely different when written in the superfield formalism. This seem
to indicate that some deeper understanding of supersymmetry may be achieved by the present
approach.
6 Continuum limit and Ward identities
One of the key features of the present approach is that momentum conservation is replaced by
the sin conservation law (4.11). This means that invariance under finite translations is violated
4The reason is that C(p) is 1 when an even number of momenta are equal to 2pi
a
and the remaining are zero,
it is −1 if the number of momenta equal to 2pi
a
is odd.
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on the lattice. It is then crucial that translational invariance is recovered in the continuum limit.
This is not obvious and it requires the analysis of the UV properties of the theory when the
continuum limit is taken. Recovery of translational invariance is the subject of the first part
of this section. In the second part we check explicitly at one loop level that supersymmetric
Ward-Takahashi identities are preserved in the continuum limit.
6.1 Continuum limit and translational invariance
As a preliminary step towards a proof that invariance under finite translations is recovered in
the continuum limit, we proceed to analyze such a limit in the ultraviolet region.
The lattice theory described in the previous section in terms of the fields Φ and Ψ is free
of ultraviolet divergences. In fact everything in that theory can be written in terms of the
dimensionless momentum variables p˜i = api, which are angular variables with periodicity 4π.
Momentum integrations reduce to integrations over trigonometric functions of p˜i, and ultraviolet
divergences never appear. All correlation functions of Φs and Ψs integrations are therefore finite.
This however is not enough to ensure that the continuum limit is smooth and that ultraviolet
divergences do not appear in the limiting process. The continuum limit in fact involves a
rescaling of fields with powers of a, which is singular in the a→ 0 limit. At the same time the
continuum limit, being a limit where a→ 0 keeping the physical momentum fixed, corresponds
to a situation where all external momenta p˜i are in the neighborhood of one of the vacua, namely
at p˜i = 0 or p˜i = 2π. The limit being a singular one, the ultraviolet behavior has to be checked
explicitly.
Let us consider then the action written in terms of the rescaled component fields. The
structure of its interaction terms (neglecting momentum integrations and delta functions) is the
following:
S
(n)
B ∼
g(n)
a
(aD)kϕn−k, (6.1)
S
(n)
F ∼
g(n)
a
aψiψj(aD)
kϕn−k−2. (6.2)
Therefore it is convenient to introduce for the internal lines in loop integrations the rescaled
fields Dint = aD and ψi,int = a
1
2ψi. In this way the effective coupling in the perturbative
expansion is g(n)/a and each vertex contributes with a factor 1a in the ultraviolet region. Next
we consider the UV behavior (including momentum integration in the variable pˆ = 2a sin
ap
2 ) of
the propagators:
〈ϕϕ〉 ∼ 〈DintDint〉 ∼
∫ 2/a
dpˆ
1
pˆ2 − 4m2 ∼ a, (6.3)
〈ϕDint〉 ∼
∫ 2/a
dpˆ
am
pˆ2 − 4m2 ∼ a
2, (6.4)
〈ψ1,intψ1,int〉 ∼ 〈ψ2,intψ2,int〉 ∼
∫ 2/a
dpˆ
apˆ
pˆ2 − 4m2 ∼ a, (6.5)
〈ψ1,intψ2,int〉 ∼
∫ 2/a
dpˆ
am
pˆ2 − 4m2 ∼ a
2. (6.6)
The diagonal propagators contribute with a factor a in the UV region, off-diagonal ones with a
factor a2. Considering now an amputated diagram with V vertices and I internal lines of which
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Ioff have an off-diagonal propagator, its UV contribution will be:
(the total UV contribution) ∼ aI+IoffaV−1a−V ∼ aI+Ioff−1, (6.7)
where the extra factor aV−1 comes from the delta functions which reduces the number of the
momentum integrations. This calculation shows that the superficial degree of divergence is
I + Ioff − 1, which can give a logarithmic divergence only for I = 1, Ioff = 0. However if
we consider that a factor a−V comes from the vertices, the contribution of the momentum
integration alone is given by:
(the integration only) ∼ aI+IoffaV−1, (6.8)
that is momentum integrations are always convergent in the UV.
How about the IR divergences? All the propagators are convergent in the IR. All the in-
teractions are finite as well. Note that φn term in the n-point interaction has a factor of 1/a
but it is compensated by (1 − cos ap2 ) in the IR. Therefore momentum intergrations are always
convergent in the IR as well.
We are now in position to prove the main result, namely that translational invariance is
recovered in the continuum limit. Since the conserved quantity is not the momentum itself p
but sin ap2 finite translational invariance is explicitly broken at a finite lattice spacing. Indeed,
if we denote the component fields by φA = (ϕ,D,ψ1, ψ2), the sine conservation law implies that
correlation functions are invariant under the transformation:
φA(p)→ exp(il2
a
sin
ap
2
)φA(p) l : a finite length (6.9)
whereas invariance under finite translation would require the invariance under the transformation
φA(p)→ exp(ilp)φA(p). (6.10)
To prove that invariance under finite translations is recovered we need to prove that in the
continuum limit (6.9) and (6.10) are equivalent. For an n-point correlation function of φA,
transformation (6.9) is equivalent to
〈φA1(p1)φA2(p2) . . . φAn(pn)〉 → exp
(
n∑
i=1
2l
a
sin
ap
2
)
〈φA1(p1)φA2(p2) . . . φAn(pn)〉
≃
(
1− ia
2l
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n∑
i=1
p3i
)
exp
(
il
n∑
i=1
pi
)
〈φA1(p1)φA2(p2) . . . φAn(pn)〉.
(6.11)
where in the last step higher order terms in the expansion of sin ap2 have been neglected since
ap → 0 in the continuum limit. The leading term that breaks translational invariance is then
given by the second term in the bracket at the r.h.s. of (6.11). This vanishes as a2 in the
continuum limit if we assume lpi to be of order 1 so that this term can be neglected as long as no
divergence ( of order at least 1
a2
) arises in the correlation function 〈φA1(p1)φA2(p2) . . . φAn(pn)〉.
As shown in the first part of this section this is not the case, so we can conclude that invariance
under finite translations is recovered in the continuum limit.
21
6.2 Ward-Takahashi identities
Invariance under supersymmetry transformations is exact at the finite lattice spacing and it
is not spoiled by radiative corrections, which are all finite in the lattice theory. Since the
continuum limit is smooth, we expect that exact supersymmetry is preserved also in this limit.
This can be confirmed explicitly, by checking that the corresponding Ward-Takahashi identities
(WTi) are satisfied. We shall consider here the case of a four points interaction and check
that the supersymmetric Ward-Takahashi identities are satisfied at 1-loop level. For the 2-point
correlation function, there are 3 independent WTis:
cos
ap
4
〈ψ1(p)ψ1(−p)〉+ 4
a
sin
ap
4
〈ϕ(−p)ϕ(p)〉 = 0, (6.12)
4
a
sin
ap
4
〈ψ1(p)ψ1(−p)〉+ cos ap
4
〈D(−p)D(p)〉 = 0, (6.13)
i〈ψ1(p)ψ2(−p) + 〈ϕ(p)D(−p)〉 = 0. (6.14)
There are also 2 more identities obtained from the above by replacing ψ1 → ψ2, ψ2 → −ψ1, but
they are automatically satisfied if (6.12) and (6.13) are satisfied.
At the tree level, it is easy to see that the WTi (6.12)–(6.14) are satified using propagators
(5.20)–(5.24).
The 1-loop radiative corrections to these propagators are calculated in Appendix A. The
result is:
〈ϕ′(pˆ)ϕ′(−pˆ)〉1-loop = 〈ϕ′(pˆ)ϕ′(−pˆ)〉treeF1(pˆ), (6.15)
〈D′(pˆ)D′(−pˆ)〉1-loop = 〈D′(pˆ)D′(−pˆ)〉treeF1(pˆ), (6.16)
〈D′(pˆ)ϕ′(−pˆ)〉1-loop = 〈D′(pˆ)ϕ′(−pˆ)〉treeF2(pˆ), (6.17)
where
F1(pˆ) = −ig8a3 1
D(pˆ)
∫ 2/a
−2/a
dk
2π
1
D(k)
2(1 + am)
[
(1 + am)2 − c2(pˆ)] , (6.18)
F2(pˆ) = −ig8a3 1
D(pˆ)
∫ 2/a
−2/a
dk
2π
1
D(k)
2(1 + am)
am
[
(1 + am)2 − (1 + 2am)c2(pˆ)] (6.19)
with5
1
D(pˆ)
=
c(pˆ)
(a2pˆ2 − 4a2m2) . (6.20)
So 1-loop radiative corrections to the diagonal (resp. off-diagonal) propagators are given by the
function F1(pˆ) (resp.F2(pˆ)). The same thing happen in the case of fermionic propagators:
〈ψ′1(pˆ)ψ′1(−pˆ)〉1-loop = 〈ψ′1(pˆ)ψ′1(−pˆ)〉treeF1(pˆ), (6.21)
〈ψ′1(pˆ)ψ′2(−pˆ)〉1-loop = 〈ψ′1(pˆ)ψ′2(−pˆ)〉treeF2(pˆ). (6.22)
It follows that since the WT identities are satisfied at the tree level they are also satisfied at
1-loop level.
5Do not confuse with the auxiliary field.
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7 Leibniz rule and new star product in coordinate space
and the link approach
Since we have established a new exactly supersymmetric lattice model, it is instructive to com-
pare the algebra of this model with that of link approach. We first find out the algebraic structure
of the model. The momentum representation of supersymmetry transformations (4.6,4.7) and
(4.22,4.23) can be related to the supercharges Q1 and Q2 as
δ1 = α
√
aQ1,
δ2 = α
√
aQ2, (7.1)
where the lattice constant dependence is introduced to recover the dimensionality of super-
charges. We find the following algebraic relation:
Q21 = Q
2
2 =
2
a
sin
ap
2
, {Q1, Q2} = 0. (7.2)
The coordinate representation of the super charges Q1 and Q2 for the supersymmetry trans-
formations (4.1 ,4.2) and (4.30 ,4.31) can be defined exactly same as (7.1), then we find the
following supersymmetry algebra:
Q21 = Q
2
2 = i∂ˆ, {Q1, Q2} = 0, (7.3)
where the symmetric difference operator ∂ˆ is defined as:
∂ˆF (x) ≡ (∂+ − ∂−)
a
F (x) =
F (x+ a2 )− F (x− a2 )
a
, (7.4)
with ∂± given in (5.14). We find the following algebraic correspondence between the momentum
representation of derivative operator and the coordinate counterpart of difference operator:
2
a
sin
ap
2
←→ i∂ˆ. (7.5)
This lattice version of supersymmetry algebra coincides with the continuum algebra of (3.1)
in the continuum limit ap → 0. As we have stressed in section 2, the lattice counter part of
momentum operator generates the lattice constant a step translation of fields although the basic
lattice structure of this model has half lattice nature.
We have pointed out that the supersymmetry transformation is essentially the half lattice
spacing translation of lattice superfields with an alternating sign factor as we can see in (2.18).
The operation of the lattice half step translation needs special care since
∂±(−1)
2x
a 6= (−1) 2xa ∂±. (7.6)
On the other hand the translation generator ∂ˆ commutes with supersymmetry generators:
δ1∂ˆ = ∂ˆδ1, δ2∂ˆ = ∂ˆδ2, (7.7)
which are equivalent to
[Q1, ∂ˆ] = [Q2∂ˆ] = 0. (7.8)
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This leads to the continuum algebra (3.2) in the continuum limit. The full lattice constant
spacing differential operator is the translation generator, which is consistent with (7.3). We
have thus confirmed that the lattice supersymmetry algebra of this model leads to the continuum
algebra in the continuum limit. We can, however, recognize that lattice supersymmetry algebra
has the same form with the continuum super algebra even with a finite lattice constant.
We have shown already that the lattice version of this model have exact supersymmetry
at least in the momentum representation even with the interaction terms. The coordinate
formulation of the model should have exact supersymmetry as well since it should in principle
be equivalent with the formulation of momentum representation. On the other hand the lattice
supersymmetry algebra of this model includes symmetric difference operator as in (7.3). It is
a well known fact that the symmetric difference operator (7.4) does not satisfy Leibniz rule for
the product of fields:
∂ˆ(F (x)G(x)) =
1
a
(
F (x+
a
2
)G(x+
a
2
)− F (x− a
2
)G(x − a
2
)
)
= ∂ˆF (x)G(x +
a
2
) + F (x− a
2
)∂ˆG(x)
= ∂ˆF (x)G(x − a
2
) + F (x+
a
2
)∂ˆG(x). (7.9)
Here comes a crucial question:
“How can the lattice supersymmetry algebra be consistent since the difference operator does not
satisfy Leibniz rule while the super charges satisfy Leibniz rule ?”
In the link approach of the lattice supersymmetry formulation this problem was avoided by
introducing shifting nature for the super charges:
Q1(F (x)G(x)) = Q1F (x)G(x +
a
4
) + F (x− a
4
)Q1G(x),
Q2(F (x)G(x)) = Q2F (x)G(x − a
4
) + F (x+
a
4
)Q2G(x), (7.10)
where F and G are assumed to be bosonic lattice superfields. In the case of fermionic superfields
it works same if the anticommuting Grassmann nature is taken into account. We can confirm
that the lattice supersymmetry algebra (7.3) is consistently fulfilled. There is, however, ordering
ambiguity for the product of fields:
Q1(F (x)G(x)) = Q1F (x)G(x +
a
4
) + F (x− a
4
)Q1G(x)
= Q1(G(x)F (x)) = Q1G(x)F (x +
a
4
) +G(x− a
4
)Q1F (x), (7.11)
since F (x)G(x) = G(x)F (x). We obtain a similar relation for Q2. Since the right hand sides of
(7.11) are different, this discrepancy was criticized as an inconsistency of the formulation [14, 22].
It was, however, recognized that if there is a mild noncommutativity between fields having a
shifting nature:
Q1F (x)G(x +
a
4
) = G(x− a
4
)Q1F (x),
Q1G(x)F (x +
a
4
) = F (x− a
4
)Q1G(x), (7.12)
where F and G are shiftless while Q1F and Q1G carry a shift of −a2 , then there is no incon-
sistency. This algebraic consistency was carefully investigated and it was discovered that these
24
algebraic relations (7.9),(7.10) and (7.12) are consistently treated by Hopf algebraic symme-
try [27]. Thus we may claim that the model has exact Hopf algebraic lattice supersymmetry.
The exact invariance of the momentum representation of the action (5.3) under the super-
symmetry transformations (4.6, 4.7) and (4.22, 4.23) suggests that there should be coordinate
counterpart which reflect this exact invariance including interactions. In the proof of the super-
symmetry invariance, Leibniz rule is used for the operation of super charges Qj. It then leads
to the following relation:
Q2j(F (x) ∗G(x)) = (Q2jF (x)) ∗G(x) + F (x) ∗ (Q2jG(x)), (7.13)
or equivalently
∂ˆ(F (x) ∗G(x)) = (∂ˆF (x)) ∗G(x) + F (x) ∗ (∂ˆG(x)), (7.14)
where we have tentatively introduced a new type of ∗ product which satisfies Leibniz rule even for
the difference operator Q2j = ∂ˆ which is Euclidean version of (7.3) and normally satisfies shifted
Leibniz rule (7.9) for the normal product of fields. However in the proof of the supersymmetry
invariance of the kinetic terms and the mass terms in the coordinate representation Leibniz rule
has been used for the normal products and thus the relations (7.13) and (7.14) should hold for
the normal products, at least for the product of two fields, which seems to be inconsistent with
the shifted Leibniz rule of symmetric difference operator (7.9). This is rephrasing the puzzle of
the current problem.
Assuming that the Leibniz rule for the difference operator works for the normal product, we
find the following difficulty. That is, supose we had defined ∂ˆ operation on a product of fields
as
∂ˆ(F (x)G(x)H(x) · · · ) ?= (∂ˆF (x))G(x)H(x) · · · + F (x)(∂ˆG(x))H(x) · · · + F (x)G(x)(∂ˆH(x)) · · · .
(7.15)
This new definition does not necessarily lead to a cancellation of surface terms for the product of
superfields and thus supersymmetry cannot be kept exactly. Up to the product of two superfields,
the surface terms cancel using the r.h.s of (7.15)∑
x
∂ˆF (x) = 0,
∑
x
∂ˆ(F (x)G(x)) = 0. (7.16)
However, in general the surface terms for a product of more than three superfields do not cancel:∑
x
∂ˆ(F (x)G(x)H(x) · · · ) 6= 0. (7.17)
We must find a formulation of a new ∗ product which satisfies the ∗ product version of (7.17)
where the nonequality changes to equality:∑
x
∂ˆ(F (x) ∗G(x) ∗H(x) · · · ) = 0. (7.18)
We have recognized in the previous sections that non locality plays an important role in the
present formulation. We have also recognized that non locality stems from the sine momentum
conservation (4.11) which, in turn, arises from the necessity on the lattice to have complete
periodicity in the momentum and to have the species doublers on the same footing as the
original fields. With ordinary momentum conservation the product of a field F of momentum
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p1 and a field G of momentum p2 is a composite field Φ = F · G of momentum p = p1 + p2,
namely the momentum is the additive quantity under product:
Φ(p) ≡ (F ·G)(p) = a
2π
∫
dp1dp2F (p1)G(p2)δ(p − p1 − p2). (7.19)
In coordinate space this amounts to the ordinary local product:
Φ(x) ≡ (F ·G)(x) = F (x)G(x). (7.20)
On the lattice momentum conservation is replaced by the lattice (sine) momentum conservation
(4.11), which means that pˆ = 2a sin
ap
2 is the additive quantity when taking the product of two
fields. In other words the product of a field F of momentum p1 and a field G of momentum p2
is a composite field Φ = F ∗G of momentum p with sin ap2 = sin ap12 + sin ap22 . This amounts to
changing the definition of the “dot” product to that of a “star” product defined in momentum
space as 6 :
Φ(p) ≡ (F ∗G)(p) = a
2π
∫
dpˆ1dpˆ2F (p1)G(p2)δ(pˆ − pˆ1 − pˆ2) (7.21)
As we shall see this product is not anymore local in coordinate space but satisfies the Leibniz rule
with respect to the symmetric difference operator ∂ˆ. This is easily checked in the momentum
representation. In fact, according to (7.5) acting with ∂ˆ corresponds in momentum space to
multiplication by pˆ = 2a sin
ap
2 , so that from (7.21) we get:
pˆ Φ(p) =
a
2π
∫
dpˆ1 dpˆ2 [pˆ1 F (p1) G(p2) + F (p1) pˆ2 G(p2)] δ(pˆ − pˆ1 − pˆ2). (7.22)
Explicit form of the coordinate representation of the star product is given by
(F ∗G)(x) = F (x) ∗G(x) = a
∫
dpˆ
2π
e−ipx (F ∗G)(p)
=
∫ 3pi
2
−pi
2
dp˜ cos p˜ e−ipx
∫ 3pi
2
−pi
2
dp˜1
2π
dp˜2
2π
cos p˜1 cos p˜2
∫ ∞
−∞
dτ
2π
eiτ(sin p˜−sin p˜1−sin p˜2)
×
∑
y,z
ei(mp˜1+lp˜2)F (y)G(z)
=
∫ ∞
−∞
dτJn±1(τ)
∑
m,l
Jm±1(τ)Jl±1(τ)F (y)G(z), (7.23)
where p˜ = ap2 , and x =
na
2 , y =
ma
2 , z =
la
2 should be understood and where the integration
variable is not p but pˆ.
The lattice delta function is parametrized by τ
δ
(
2
a
sin p˜i
)
=
a
4π
∫ ∞
−∞
dτeiτ sin p˜i . (7.24)
6With this definition the star product is periodic in p with period 4pi
a
. So while it is suitable for bosons, in
order to apply it to fermions we have to redefine the fermion fields and make them periodic. This can be done
by defining Ψp(p) = e
−ipa/4Ψ(p) and use Ψp in the definition of the “star” product. Ψp(p) satisfies the reality
condition Ψ†p(p) = Ψp(−p) and can be used in the action and in the SUSY transformations instead of Ψ(p). The
main difference is that with the use of Ψp fermions are like the bosons at the sites x = n
a
2
in the coordinate
representation and the SUSY transformations are expressed in terms of right (or left) finite differences of spacing
a
2
instead of the symmetric one as in (4.1,4.2).
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Jn(τ) is a Bessel function defined as
Jn(τ) =
1
2π
∫ 2pi+α
α
ei(nθ−τ sin θ)dθ, (7.25)
and we use the following notation:
Jn±1(τ) =
1
2
(Jn+1(τ) + Jn−1(τ)). (7.26)
It is obvious that the star product is commutative:
F (x) ∗G(x) = G(x) ∗ F (x). (7.27)
We can now check how the difference operator acts on the star product of two lattice superfields
and find that the difference operator action on a star product indeed satisfies Leibniz rule:
i∂ˆ(F (x) ∗G(x)) = a
∫
dpˆ
2π
i∂ˆx e
−ipx (F ∗G)(p)
=
a2
4
∫
dpˆ e−ipx
∑
y,z
∫
dpˆ1
2π
dpˆ2
2π
eip1y+ip2z
×
(
(i∂ˆy F (y))G(z) + F (y) (i∂ˆz G(z))
)
δ(pˆ − pˆ1 − pˆ2)
= (i∂ˆF (x)) ∗G(x) + F (x) ∗ (i∂ˆG(x)). (7.28)
Eq. (7.28) already answer the question posed at the beginning of this section: the Leibniz rule
for the symmetric finite difference operator ∂ˆ is recovered by the redefinition of the product of
fields, in agreement with the sine momentum conservation on the lattice.
Similar to the case for star product of two fields we can show that the difference operator
acting on the star product of three fields satisfies the Leibniz rule and the surface terms of a
star product for more than 3 lattice superfields vanishes:∑
x
i∂ˆ(F (x) ∗G(x) ∗H(x)) =
∑
x
(
(i∂ˆF (x)) ∗G(x) ∗H(x) + F (x) ∗ (i∂ˆG(x)) ∗H(x)
+ F (x) ∗G(x) ∗ (i∂ˆH(x))
)
=
∑
x
i∂ˆ
∫
dpˆ e−ipx (F ∗G ∗H)(p)
=
∫
dp cos p˜ δ(p) sin p˜ (F ∗G ∗H)(p)
= 0, (7.29)
where we have used the following relation:
∑
x
e−ipx =
4π
a
δ(p). (7.30)
We are considering that our lattice coordinate space has infinite extension and thus the lattice
is discrete but the momentum can be continuous. The relation (7.29) works exactly similar to
a star product of more than 3 fields. Thus this star product has the desired property of (7.18).
27
After defining the new star product we may look at the kinetic and mass terms. The S(2)
without g
(2)
0 but with the regularization factor of (5.4) is given by
S(2) = 2a2
∫ 3pi
a
−pi
a
dp1
2π
dp2
2π
2πδ
(
2∑
i=1
sin
api
2
)
cos
ap1
2
cos
ap2
2
×
[
(1− cos ap1
2
) Φ(p1)Φ(p2) +
1
2
sin
a(p1 − p2)
4
Ψ(p1)Ψ(p2)
]
=
∑
x
[
Φ(x) ∗
(
2Φ(x)− Φ(x+ a
2
)− Φ(x− a
2
)
)
+
i
2
Ψ(x+
3a
4
) ∗Ψ(x+ a
4
)
]
. (7.31)
It is interesting to recognize that the coordinate representation of the action with star product
has almost the same form of the kinetic term of the local action, Skin in (5.13), where the star
product is just replaced by the normal product. The arguments of the fermionic lattice superfield
in Skin is shifted with
a
2 from that of (7.31). This is due to the loss of lattice translational
invariance in the star product formulation while in the local expression the lattice translational
invariance is recovered and thus a half lattice shift is equivalent in the action. This equivalent
form correspondence between the star product action and the kinetic term of the local action
leads to a recognizability that the star product action is invariant under the supersymmetry
transformations by Q1 and Q2 acting on the star product of fields by keeping Leibniz rule since
it is invariant for the local action. This correspondence in return to a result that the difference
operator acting on local fields should satisfies Leibniz rule since the difference operator acting
on the star product fields satisfies Leibniz rule. This solves the puzzle of the problem posed in
this section.
This S(2) action in the star products form, however, is equivalent to a sum of both the
kinetic terms and the mass terms with fixed coefficient, which include product of local fields. In
deriving the local action of the Skin in (5.13) and Smass in (5.16) the regularization factor for
lattice momentum conservation (5.4) has not been included. In the star product formulation of
lattice field theory the regularization factor is automatically involved since the lattice momentum
itself pˆ = a2 sin
ap
2 is the integration variable.
Similarly to S(2) we can now derive the coordinate representation of the general interaction
action S(n). We first note the following relation:
2πδ

 n∑
j=1
sin
apj
2

 = a
2
∑
x
∫
d(sin p˜)e−ipxδ

sin p˜− n∑
j=1
sin p˜j

 . (7.32)
Then the general interaction action (5.25) can be given by the following form:
S(n) =
4g
(n)
0
n!(2π)n
∑
x
∫
dp˜ cos p˜e−ipx
∫ n∏
j=1
(dp˜j cos p˜j)
∫
dτeiτ(sin p˜−
∑n
j=1 sin p˜j)
∑
y1,y2,···yn
ei(
∑n
j=1 p˜jmj)
[(
1− 1
2
(eip˜1 + e−ip˜1)
)
Φ(y1)Φ(y2) · · ·Φ(yn)
− (n− 1)i
8
(eip˜1 − eip˜2)Ψ(y1 + a
4
)Ψ(y2 +
a
4
)Φ(y3) · · ·Φ(yn)
]
=
4
n!
g
(n)
0
∑
x
[(
2Φ(x)− Φ(x+ a
2
)− Φ(x− a
2
)
)
∗ Φ(x)n−1(x)
+
(n− 1)i
2
Ψ(x+
3a
4
) ∗Ψ(x+ a
4
) ∗ Φn−2(x)
]
, (7.33)
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where the relations: x = na2 , p˜j =
pja
2 , yj =
mja
2 should be understood and Jn±1(τ) is given in
(7.26). Φn(x) is a star product of n bosonic superfields. We have defined the star product of n
fields as:
F1(x+ b1) ∗ F2(x+ b2) ∗ · · · ∗ Fn(x+ bn) =
∫ ∞
−∞
dτJn±1(τ)
∑
m1,··· ,mn

 n∏
j=1
Jmj±1(τ)Fj(yj + bj)

 .
(7.34)
The non local nature of the star product should disappear in the continuum limit. This is
however non trivial due to the p→ 2pia − p symmetry of the sin ap2 function and the existence of
two translationally invariant vacua at p = 0 and p = 2pia . It was shown by Dondi and Nicolai [16]
that in the continuum limit namely at fixed x with a→ 0:
J 2x
a
(τ)→ δ(τ − 2x
a
). (7.35)
However in the present context the continuum limit picks up also the configuration at p = 2pia
and the previous result has to be replaced by:
J 2x
a
(τ)→ δ(τ − 2x
a
) + (−1) 2xa δ(τ + 2x
a
). (7.36)
Thus locality is recovered in the continuum limit, but with an extra coupling of fields in the
points x and −x accompanied with the alternating sign factor (−1) 2xa . Such remaining non
locality disappears when the lattice field Φ and Ψ are reinterpreted in terms of component fields
as discussed in the previous section.
We have now found a consistent definition of supersymmetry algebra in the coordinate space
as well by the star product which assures the Leibniz rule operation of difference operator. The
supercharge operation for star product of fields satisfies Leibniz rule and has the following form:
Qj(F (x) ∗G(x)) = QjF (x) ∗G(x) + (−1)|F |F (x) ∗QjG(x). (7.37)
Thus the operation of supersymmetry charges and translation generators on lattice superfields
are consistently defined as an algebra both in momentum and coordinate representation.
We finally comment on an interesting possibility:
“The formulation of the present model with lattice momentum conservation, equivalently the star
product formulation of lattice theory, and that of link approach are equivalent.”
This is based on the following observation: the algebraic correspondence of ∂ˆ and Qj, respec-
tively, (7.14) and (7.37) with respect to (7.9) and (7.10) are exactly parallel and algebraically
both of frameworks have one to one correspondence if the mild noncommutativity of (7.12) is
introduced in the link approach. The current formulation of algebra is Lie algebraic lattice
supersymmetry with a new star product in the coordinate representation while the link ap-
proach is Hopf algebraic lattice supersymmetry. The nonlocality in the star product and the
noncommutativity in the link approach are corresponding.
8 Conclusion and discussions
We have proposed a new lattice supersymmetry formulation which ensures an exact Lie algebraic
supersymmetry invariance on the lattice for all super charges even with interactions. We have
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introduced bosonic and fermionic lattice superfields which accommodate species doublers as
bosonic and fermionic particle fields of super multiplets. This lattice superfield formulation
is, however, not a naive extension of continuum superfield formulation in the sense that there
appear higher order irrelevant terms, including species doubler particle fields, which do not
appear in the continuum formulation because of dimensional reason. These irrelevant terms
are, however, crucial to assure the exact lattice supersymmetry invariance. We consider that
this lattice superfield formulation is fundamental for a regularization of supersymmetry on the
lattice.
As the simplest model we have explicitly investigated N = 2 model in one dimension. The
model includes interaction terms and the exact lattice supersymmetry invariance of the action
for two supersymmetry charges are shown explicitly. In the momentum representation of the
formulation the standard momentum conservation is replaced by the lattice counterpart of mo-
mentum conservation: the sine momentum conservation. The basic lattice structure of this one
dimensional model is half lattice spacing structure and the lattice supersymmetry transforma-
tion is essentially a half lattice spacing translation. The super coordinate structure and the
momentum representation of species doubler fields is hidden implicitly in the alternating sign
structure of a half lattice spacing in the coordinate space. This sign change with a half lattice
spacing shift is a typical phenomenon of lattice regularization and crucially related to the both
lattice supersymmetry and the chiral fermion regularization. The sign change is a typical of lat-
tice regularization and can never appear in the continuum regularization and thus is considered
to be fundamental for the lattice supersymmetry.
Since we introduce the lattice (sine) momentum conservation: the translational invariance is
broken. We have investigated this problem and shown explicitly how the translational invariance
recovers in the continuum limit. The Ward-Takahashi identity is investigated for a model with
Φ4 interaction term and it is confirmed that the identity is satisfied in one loop level and is
satisfied in all orders since this model is shown to be super renormalizable. In the previous
investigation a fermionic species doubler contribution from Wilson term, having inverse lattice
constant mass, was responsible to break the identity and the bosonic counter term was necessary
to cancel this unwanted term [10, 11]. In our model the species doubler contribution of fermion
is identified as a physical contribution as a super multiplet and this fermionic contribution can
be compensated by the bosonic counterpart of species doubler.
Since the symmetric difference operator does not satisfy Leibniz rule, it was very natural to
ask how the supersymmetry algebra be consistent in the coordinate space since super charges
satisfy Leibniz rule. In the link approach this problem was avoided by introducing shift nature
for super charges. In the current formulation this puzzle is beautifully solved by introducing
a new star product of lattice superfields: The difference operator satisfies Leibniz rule on the
star products of lattice super fields. Then Lie algebraic exact supersymmetry is realized in this
coordinate formulation of star product lattice field theory. This formulation provides a new
well defined regularization scheme of fermions and bosons without species doubling problem of
fermions. One may say otherwise, the regularization of fermions on the lattice inevitably leads
to supersymmetric lattice fields theories.
It is recognized that the Lie algebraic structure of lattice supersymmetry and the algebra
of link approach are totally one to one corresponding if mild noncommutativity is introduced
to the link approach. This suggests an interesting possibility that the Lie algebraic lattice
supersymmetry and the Hopf algebraic supersymmetry of link approach are equivalent. The
nonlocality in the star product and the noncommutativity in the link approach are corresponding.
The confirmation of this interesting possibility will be left for future investigation.
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Since we have established a new lattice supersymmetry formulation which has exact super-
symmetry on the lattice, it would be important to extend the formulation into higher dimensions
and to the models with gauge fields.
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Appendix
A Calculation of the 1-loop contribution to 2-point functions
Let us consider the four points interaction term. To write it down it is convenient to introduce
the following combination:
φ±(pˆ) ≡ 1
a
(
ϕ′(pˆ)± a
4
D′(pˆ)
)
. (A.1)
The 4 point interaction terms become
S
(4)
B =
16
3
ga3
∫ 2/a
−2/a
dpˆ1
2π
dpˆ2
2π
dpˆ3
2π
dpˆ4
2π
2πδ(pˆ1 + pˆ2 + pˆ3 + pˆ4)
× [φ+(pˆ1)φ+(pˆ2)φ+(pˆ3)φ+(pˆ4)− c(pˆ1)φ−(pˆ1)φ+(pˆ2)φ+(pˆ3)φ+(pˆ4)] , (A.2)
S
(4)
F = 8ga
2
∫ 2/a
−2/a
dpˆ1
2π
dpˆ2
2π
dpˆ3
2π
dpˆ4
2π
2πδ(pˆ1 + pˆ2 + pˆ3 + pˆ4)
×
[
i cos
a(p1 + p2)
4
ψ′1(pˆ1)ψ
′
2(pˆ2)φ+(pˆ3)φ+(pˆ4) (A.3)
+
1
2
sin
a(p1 − p2)
4
ψ′1(pˆ1)ψ
′
1(pˆ2)φ+(pˆ3)φ+(pˆ4) (A.4)
+
1
2
sin
a(p1 − p2)
4
ψ′2(pˆ1)ψ
′
2(pˆ2)φ+(pˆ3)φ+(pˆ4)
]
. (A.5)
For the S
(4)
F , the momenta insides the trigonometric function is p instead of pˆ.
The propagators are
〈φ+(pˆ)φ+(−pˆ)〉 = 1 + am
D(pˆ)
(A.6)
〈φ−(pˆ)φ−(−pˆ)〉 = 1− am
D(pˆ)
(A.7)
〈φ+(pˆ)φ−(−pˆ)〉 = c(pˆ)
D(pˆ)
(A.8)
〈ψ′1(pˆ)ψ′1(−pˆ)〉 = 〈ψ′2(pˆ)ψ′2(−pˆ)〉 = −
a2pˆ
D(pˆ)
(A.9)
〈ψ′1(pˆ)ψ′2(−pˆ)〉 = −〈ψ′2(pˆ)ψ′1(−pˆ)〉 =
a22im
D(pˆ)
, (A.10)
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where
1
D(pˆ)
=
c(pˆ)
a2pˆ2 − 4a2m2 . (A.11)
Since the propagators are not diagonal, we first calculate diagrams without contracting with
the external fields. They are
φ+(pˆ)

φ+(−pˆ) = φ+(pˆ)φ+(−pˆ)(−ig)8a3
∫ 2/a
−2/a
dk
2π
1
D(k)
4(1 + am), (A.12)
φ+(pˆ)

φ−(−pˆ) = φ+(pˆ)φ−(−pˆ)(−ig)8a3
∫ 2/a
−2/a
dk
2π
1
D(k)
[−2(1 + am)c(pˆ)] ,
(A.13)
φ−(pˆ)

φ−(−pˆ) = 0 (A.14)
ψ′1(pˆ)

ψ′1(−pˆ) = ψ′1(pˆ)ψ′1(−pˆ)(−ig)8a2
∫ 2/a
−2/a
dk
2π
1
D(k)
apˆ
2
(1 + am), (A.15)
ψ′2(pˆ)

ψ′2(−pˆ) = ψ′2(pˆ)ψ′2(−pˆ)(−ig)8a2
∫ 2/a
−2/a
dk
2π
1
D(k)
apˆ
2
(1 + am), (A.16)
ψ′1(pˆ)

ψ′2(−pˆ) = ψ′1(pˆ)ψ′2(−pˆ)(−ig)8a2
∫ 2/a
−2/a
dk
2π
1
D(k)
i(1 + am). (A.17)
After contracting with the external lines, we obtain the 2-point functions for φ± as
〈φ+(pˆ)φ+(−pˆ)〉1-loop = −ig8a3 1
D(pˆ)2
∫ 2/a
−2/a
dk
2π
1
D(k)
4(1 + am)
[
(1 + am)2 − (1 + am)c2(pˆ)] ,
(A.18)
〈φ−(pˆ)φ−(−pˆ)〉1-loop = −ig8a3 1
D(pˆ)2
∫ 2/a
−2/a
dk
2π
1
D(k)
4(1 + am)amc2(pˆ), (A.19)
〈φ+(pˆ)φ−(−pˆ)〉1-loop = −ig8a3 1
D(pˆ)2
∫ 2/a
−2/a
dk
2π
1
D(k)
2(1 + am)c(pˆ)
[
(1 + am)2 − c2(pˆ)] . (A.20)
In terms of the scalar ϕ and the auxiliary field D these become:
〈ϕ′(pˆ)ϕ′(−pˆ)〉1-loop = 〈ϕ′(pˆ)ϕ′(−pˆ)〉treeF1(pˆ), (A.21)
〈D′(pˆ)D′(−pˆ)〉1-loop = 〈D′(pˆ)D′(−pˆ)〉treeF1(pˆ), (A.22)
〈D′(pˆ)ϕ′(−pˆ)〉1-loop = 〈D′(pˆ)ϕ′(−pˆ)〉treeF2(pˆ), (A.23)
where
F1(pˆ) = −8iga3 1
D(pˆ)
∫ 2/a
−2/a
dk
2π
1
D(k)
2(1 + am)
[
(1 + am)2 − c2(pˆ)] , (A.24)
F2(pˆ) = −8iga3 1
D(pˆ)
∫ 2/a
−2/a
dk
2π
1
D(k)
2(1 + am)
am
[
(1 + am)2 − (1 + 2am)c2(pˆ)] . (A.25)
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For the fermionic 2-point functions, we obtain:
〈ψ′1(pˆ)ψ′1(−pˆ)〉1-loop = 〈ψ′1(pˆ)ψ′1(−pˆ)〉treeF1(pˆ), (A.26)
〈ψ′1(pˆ)ψ′2(−pˆ)〉1-loop = 〈ψ′1(pˆ)ψ′2(−pˆ)〉treeF2(pˆ). (A.27)
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